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Maxwell’s Equations



Maxwell’s Equations for electromagnetic waves &%

Dielectric materials Metamaterials

D=¢E, B=uH D=cek+E(H,
B=uH+(CE




Dielectric materials (3D)

V xV x E = pow?e(x)E
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Dispersive metallic materials (3D) &%

V xV x E = pow?e(x,w)E
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- Complex Media (3D)

11 I

o
(8]
T

©
H
T

g<0), 4 >0, u>0

metals, doped most dielectric

S
w
T

Frequency (A a/ 2m)

o2 semiconductors materials
01 ¢ : Qe ELsey R | > 8
I ol | £<0, u<0
no natural
materials
I11 IV




Maxwell’s Equations

Explicit Represent. of
matrices

Eigen-decomposition of

double-curl and SVD of
single-curl

Null-space free method




Explicit Representations
of matrices for Yee’s
scheme



Bloch Theorem

® We are interested in finding E satisfying the quasi-periodic

condition
E(X -+ ay

) _ 6227rk-ag E(X)

® Face-centered cubic (FCC)

a] — %[1,0,0]1—, ag —
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ai=al|l 0 0], az=al0 1 0],
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Figures taken from Chern, Chang, Chang, Hwang, 2004



Discrete Double-Curl Operator

® Curl operator

- OF3 OFs | i 0 - @ 1 r E -
_ 1 3| — @ g
Y L= 0z ox o 0z U oz Lo
OF2 _ OE; - O - 0 E
| Oz Oy Oy oz 1 L 3

® Central face points (finite diff. Yee’s scheme)

0 —C3 Cy
C=| C3 0 —Cp |eC™n
—C; C1 0

C1 = In2n3 ® K, € Can’ Cy = In3 R Ko € Can, C3 = K3 € R
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P 1
1—5x
P 1
2—5y
P 1
3—52

E(X £+ aé) _ 67,27Tk-a£E(X)

"1 XN
c C" 7,
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Finite Diff. Assoc. with Quasi-Periodic Cond. @%

\
® SC lattice
JQ — Inl and Jg — In1n2
® FCC lattice
B 0 6—7,27Tk ai In1/2 s X7
Jo| = I /o 0 c C , and
5 0 6—227’(‘1{'&2[1 R I ]
_ 212 ni (nlng)x(nlng)
J3 Iz, ® 0 c C .
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Eigen-decomp. of C,, C,, C; for SC lattice %7

Define unitary matrix 1" as

T — ((Da3,n3 U’n,3) ® (Dag,nz U’I’LQ) ® (Dal,nl Unl))

(Da3an3 ® Dag,nz ® ‘Dal ,nl) (UnS ® Un2 ® Unl)

RS

with

M= =Dz .. ]
Then it holds that

C1T = 6,'T (I, ® Iy ® Mgy ) = TA,

CoT = 6, 'T (Ing ® Aagmy ® In,) = Ty,

C3T = 6T (Aay ns ® In, ® Iy,) = TAs. 15



Eigen-decomp. of C4, C,, C; for FCC lattice @

YalY

Define unitary matrix 1" as

y’l/,J — Dy,z -1 60y’.7 « o o e(nz_l)ey,ﬂ

Then it holds that

O\ T = T (A, ® Inyny) = TAy,
CoT' =T ((®;21Aijny) ® Iny) = T,

C3T =T (@?:11 @;’Lil Az‘,j,n3) = T'Aj. 16



Explicit Represent. of
matrices

Eigen-decomposition of
double-curl and SVD of
single-curl

Null-space free method

Dispersive metallic materials

Numerical results

O =Ty, 57 =Thy, O =Ths
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Dispersive metallic materials (3D) &3

® Maxwell's Equation
V x V x E =w?(r,w)E
® Lossless Drude model

w2
. '
e(r, w) lismh !n mater!al 1
1 In material 2

® Resulting eigenvalue problem
(A - szd) T = w’r = M\
where B, Is a diagonal matrix and

A=C*"C

18



Dispersive metallic materials (3D) &%

® Lossy Drude model (or Drude-Lorentz model)

2

W w2 eubj e_z¢j
. P — i
8((,0) =1 (w2 +2pr #Ww) = €00 - w2—|—zF w+jz_: (Qj—w—zI‘j +Qj—|—w—|—zI‘j)

® Resulting nonlinear eigenvalue problem

(A w?B,, — w 8( )Bd)x—O B, +Bg =1

® Multiplying the common denominator, it results

C(A)z = ()\31 + XAy + 2A; + Ap) z =0

Where P(w):c — (w7A7 + w2A6 + .-+ (,uAl -+ AO) r =0

Ay =pl, A1 =-wBi—A, Ap=—l A

19




FFT-based preconditioner

[ (A—|—w§Bd)a::w2:cE)\a: ]

® Solve the linear system
(A—I—wgBd—JI)z — b

® Consider the preconditioned
M= (A-rTI),

where 7 Is the average of the diagonal entries of
ol — wgBd

(NPT + XA+ Ay + Ag)z =0

(A+D)z=Db

| (w'A7 + w?Ag+ - +wAhA; + Ag) z =0 '

20



~Solving (A—-7l)y=d

(A—7l)y =d

c=[cf ¢ 7] * A=Le(G6) -GG

(®(G*G)— 1}y =d + GG*y

0 —C3 (9
U = Cs 0 -C
—Cy (O 0

CG =0 * GGy = -7 1GG*d

(IR (GG)—1l}y=d -7 'GG*d
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~Solving (A—-7l)y=d

(I (GG)—1l}y=d -7 'GG*d

c=[cf of ]
) ) ) CiT =TA;, CoT =TAy, CsT = TAs

A
— (I'rl Ao [A’{ A; A;]) (I3®T)*d, y:(I3®T)S’-

This beautiful idea is proposed by Wei-Cheng Wang 09



T*p and Tq for SC lattice

1
1= % ((Dag,n3Un3) & (Da2,n2UN2) 2y (Dalanl Unl))
1
N % (Dag,ns 0 Daz,nz & Dal,nl) (Un3 X Un2 & Unl)
with
1 1 1
O .1 Om,2 '
eOm, efm, T | 9
Um —= g ; . y gma] = : ﬂ-J
: : : e
e(m—l)em,l e(m_]‘)gma2 . 9. ].

® (Upy ®Up, @ Uy, )" p «i» 3D forward FFT
® (Up, ® Up, ® Up,) q @ 3D backward FFT
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- Compute T*p for FCC lattice

Algorithm 4 Forward FFT-based matrix-vector product 7*p [15].

Input: Any vector p = [pir p;';3]T € C™ with px = [p_lr,k p;—z,k]T
pnd pzi € C™ for ji=1,.... g5, b=, .. ., 75,
Output: The vector f = T™p. 1D forward
1: fork=1,...,n3 do ==
2:  Compute Py(:,:, k) = [pl,k pnz,k]*Exe.
3: end for
4: fori=1,...,1 dQ 3
5. Compute Py = [Pe(:,4,1)  Px(:,3,2) -~ Px(:,i,n3)]  Ey Uyl
6: Compute P, =] |E; 1 Fy(5,1) Eg; oPy(5,2) - P giin, Fy(,n2)
7. Set £((2 — 1)ngns + 1 : ingns) = \/nﬁzzns vec(Py).
8: end for
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- Compute Tq for FCC lattice

Algorithm 5 Backward FFT-based matrix-vector product T'q [15].

Input: Any vector q = [q1r q,,fl]T € C" with q; = [qzl q;"—nz]T
and g;:€ CM ford = 1,.. .My =L weny N3,
Output: The vector g = T\q. 1D backward
1: fori=1,...,n1 da ==
2 Compute Qz,i = U, [qu,1 i = qz’,ng] |
:
3: UpdateQy; = |Ezi+1Q2i(i,1) Fzi12Q2:(:,2) -+« Ezitn,Qz:i(:,n2)] .
4: Compute Qy(:,:,%) = Ey J(UyQy.;)
5: end for
6: for k=1,...,n3 do
-
7:  Compute Q, = EJU, [Qy(:,k, 1} Oy K 2) - Qy(:,k,nl)] .
8: Set g((k— )niny +1:kning) = \/nl,in?n:s vec(Qx).
9: end for

25



Explicit Represent. of
matrices

Eigen-decomposition of

double-curl and SVD of
single-curl

Null-space free method
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Dispersive metallic materials

Numerical results




CPU Times for T*p and Tq with FCC Mﬁ

MATLAB

CPU times (sec.)
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Comparison in Solving Linear System @&

® SC lattice (dim = 46875)

Index j Jacobi SSOR(0.8) ICC(1) ILU(L) | FFT
1 852 493 206 273 | 27
2 853 492 206 273 | 27
3 1008 462 287 284 | 28
® FCC lattice

2000

@ Direct method
MINRES+SSOR

1 |
a0 —w— BiCGSTAB+FFT

1600 -

1400

—
N
o
o

(A—oB)z=Db

CPU times (sec.)
o
3
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Band Structure of FCC Lattice

o

1 — :’ In material 1
1 In material 2

(V)

® Dim. of SEP: 2,654,208
5(Ta w) 1 {

® 70 test problems
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Iteration Numbers of Solving Linear Systems

;654,208

)

Dimension

~ © © © ©
gv.1S9!d J0 siaquinu uolje.ia}|

1
o 8X
© Te)
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- CPU times of Eigensolvers

Dimension = 2,654,208

) —y -k
B (6] »
2

5

& 13}

4 —e— HJD

E —&— Lanczos
= 12 B -
o

o

—
—L
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Explicit Represent. of
matrices

Eigen-decomposition of

double-curl and SVD of
single-curl

Null-space free method
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Eigen-decomposition of
Discrete Double-Curl
Operator and SVD of Discrete
Single-Curl Operator



Null space of C*C and CC*

® Define
_Al_
Q() — (13 X T) A2 Aq_1/2 — (13 X T) HO,
As

Py = (13 ®T) H_()

® Then Qo and B, form orthogonal bases of the
null spaces of C*C and C'C*, respectively.

Ol = Thy,  Col = TAo.  Cal'=TAx

A, = AiA) + AoAs - A

34



Range space of C*C' and CC”

® Take orthogonal projection of Ty = [oT',8T",T"]"
with respective to Qo and 1 :

Q= (I — Q@) T (AAA;Y) 7
\
— (Ig@T)Hl = (I3®T) \ :
LY
P =(I—- PP T (AAAY) 2 = (130 T) T

® Then )1 and P; are orthogonal, and

(C*C)Q1 = Q1A,, (CC*)P, = PiA,.

35



Range space of C*C' and CC”

® Apply the discrete curl and dual-curl operators on
Ty , respectively:

QQ _ C*Tl (A;Ap)_1/2
\-
= (LT =3xT) |\|,
1\
—1/2

Py = CTy (A3,) ™V = (o T) (-Th).

® Then Q2 and P are orthogonal, and

(C*C)Q2 = Q2Ay, (CC*)Py = PyA,.

36



~ Important Decompositions

® Define
Q =
P =

Q1 Q2 Qo|l=UeT)|II; I, I,
P, P P|=(T)|-U II; I].

O figen-c&zcomyosiﬁons of discrete double curl

C*C = () diag (AQ7 AQ7 O) Q* — Q’I“AQ:7
CC*" = Pdiag (Ay, Ay, 0) P* = P, AP,

o Singu[m value ofecomjoosition of single curl

C = Pdiag (A}/2, AV2, 0) Q* = P,3,Q"

where

P. =[P, Pi], Qr =[Q1, Q2], &, = diag (Aé/%Aé/z)

37



Explicit Represent. of
matrices

Eigen-decomposition of

double-curl and SVD of
single-curl

Null-space free method
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Null Space Free
Method




_Resulting Eigenvalue Problems &g

® Discretized 3D photonic crystals (Dielectric materials):

V XV X E = pow?e(x)E
leads to the generalized eigenvalue problem
Ax = ABx A=C*"C

B is a positive diagonal matrix.

C*C =) diag (N, Ay, U)O)°

® The discretization of

o L

leads to the generalized eigenvalue problem:

o ) 1) =< (

0

- [—Cs —Mfl {EI]

C = P diag (A;/2,Aé/2,0) Q*

@ 2] il =en ]

n zero eigenvalues @ k (<<n) wanted interior

eigenvalues

other eigenvalues

40



Explicit Represent. of
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Numerical results




3D Photonic Crystals (Dielectric materials)

V x V x E = pow?e(x)E

¥

span {B_lQTAl/Q} = {x|Ax = ABx, A > 0}

¥

(A%QiB‘lQTA%) y =)y, x=B"1Q,Azy

42



Advantages of SEVP

Ax = A\Bx (A%QiB_lQrA%) y = Ay

® Dim. of GEVP and SVEP are 3n and 2n, respectively

® GEVP and SEVP have same 2n positive eigenvalues.
SEVP has no zero eigenvalues.
SEVP can be solved by inverse Lanczos.

O

k (<<n)
nY wanted
eiggfivalues Interior

other eigenvalues

43




Advantages of SEVP

® As the SEVP
Ay =Xy A =AQ:BT'QA?
In Inverse Lanczos, we need to solve
QB 'Q,u=c (Q B'Q,) A AZii =
® Well-conditioned system
® Can show that (QiB_lQT) < K (B_l)

® Conditioning number of B is 13

OZ

_\ \_
Qr = (13 ® T) \ \
O\

® Q*p, and Q,q. can be computed efficiently by the FFT-
based schemes

® Can be efficiently solved by CG method 44
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- Bandgap Diagram of FCC Lattice &3

® Dim. of GEVP: 5,184,000
Ax = \Bx

Dim. of SEVP: 3,456,000

® 90 test problems

46



- Comparison for Solving Linear Sys.

(A—ocB)z=Db Q*B'Q,u=c

(A2Q;B7'QAZ )y =y

Ax = \Bx

2000

1800 H_*

1600

—_
H
o
o

w
(&)
T

Iteration numbers
w
o

Elapsed Times (sec.)
® o D
o o o
o o o

600
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~ Iteration Numbers

Ax = \Bx

(A—0oB)z=Db

Iteration numbers

F—

1

(A2QrBT'Q.A )y =)y

120

110}

100

©
o
T

80|
70
60T -

50_ -¢

—— NFLM

cx0 SILM |
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CPU Time Comparison

Ax = \Bx | «i A%QiB_lQrA% y = Ay

T T X% " I ! %
11000 5 i 5 . |r* SILM

10000

9000 % % = : % .

|
®
O LI
x
1

3)

Q

L

7]

Q

E

= 7000} : |
T xR
Q 2
7]

Q

<

w
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Remarks

® Dispersive metallic materials
(A—w?B, — w?e(W)By)z =0
= Ar=w(wB, +we(w)By)x =wB(w)x

= fw)Ar = Bw)z, Bw) =

1
W
® Linearization

BAx = B(wg)x

® Newton’s method

Wk+1 — W — (5 (wkz) + Wy, 2) - (5(0%) — Wi 1)

50
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~ Complex Materials

® The discretization of
Vx 0 ][E ¢ up|[E

— W

0 Vx| |H — =& |H

leads to the generalized eigenvalue problem:

C 0][E] G opa | [E|_ L |E
0 o |H| ™" (z —E&d —fd_> H =P .

® Singular value decomposition:

C = Preria C* = Q”’"ZTPT*

52



Null space free eigenvalue problem g

C 0][BE]_ ,[E
o0 c*| |H| " |H

C = Pfrzr@; * CF = QTETP:

1 1 [ i
span {B_ldiag (PTE,,? : QTE,?) } — {x; g C(')* X = wBx,w # 0}

¥

diag (22 Q*, %2 P:) B~ diag (PTZ? 0,52 ) Y = wy

53



Null space free generalized eigenvalue problem

C
0

o7
C™

E
H

(]

Ca  ma |\ |E] _ E
_—8d —fd_ _H_ = ek _H_

®=¢cq— &y Ca -0,

tq > 0,

Eos

* ALl eigenvalues are real

1 1 A 1
diag (23 Q*, %; P:) B~ diag (PTZ,? | Qrzﬁ) Y = wy

A, = diag (P*, Q) [

(|

py'Ca -

ISn




~ Advantages

g 3=t _

T

A, is Hermitian and positive definite

We can use the generalized Lanczos method to
solve NFGEP

In each step, we need to solve the linear system

B Co —IDn] [@F 0] ¢ Il [P .
{ Q:] {13"% 0 ] { 0 /131] {—1371, 0 Q-
Because A, is Hermitian positive definite, the

linear system can be solved by the conjugate
gradient method efficiently.
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Chiral and pseudochiral media

® Two important complex media with positive € and
p=1I3

® |sotropic Chiral medium:

§=wyl3, (= —uvyl3
® Pseudochiral medium:

0 0 o] 0 0 —wy]
By 0 O_ | —1Y 0 0 |

® ©=¢4—fapy Ca=ca—EaCa IS @ poOSitive diagonal matrix
provided ~ € (0, /&)

® All eigenvalues are real 56



Explicit Represent. of
matrices

Eigen-decomposition of
double-curl and SVD of
single-curl

Null-space free method

Photonic crystals

Numerical results

Complex materials

Numerical results




~ Bandgap Diagram of SC Lattice &

® Dim. of coefficient matrix A, : 8,388,608
® 39 test problems with (gi,€0,7v) = (13,1,0.5) \

® Chiral medium

Frequency (. a / 2x)
: o o

58




C 0 Cd I3n . P: Cd _I3n q)_l 0 ] [ C* I3n] [Pr ] .
([0 C*] _U[—ed —&sz_b > [ Q;':] [Ign 0 ] [ 0wz [T 0 Q" ="

C 0] [F E 0 2;1 1
s - ls A j—
2000 ——————,——————
OT —w»— GMRES+SSOR
1800 ,' =0= Ab
. —— PCG
1600} !
i
1400} :

—_

N

o

o
1

CPU times (s)
@ 9
o o
o o

600 -

400

200
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Iteration Numbers of Solving Linear Systems @&

§=yl3, (= —u1yl3 Dimension = 8,388,608

100

90

80

70

60 -

Average iteration of CG

50

40

30 ' ' ' ' '
0 05 1 15 2 2.5 3
chirality y
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- Conclusion i

Explicit representation and eigen-decomposition of the discrete
double-curl matrix A

FFT-based preconditioner for metallic materials

Singular value decomposition of discrete single-curl operator
Null-space free methods

® The 3nx3n GEVP is reduced to 2nx2n SEVP for photonic crystals
® The 6nx6n GEVP Is reduced to 4nx4n GEVP for complex media

® No zero eigenvalues in the reduced eigenvalue problems
Well-conditioned linear systems

Efficient FFT based algorithms

63
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Thank you.
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Photonic Crystals

® Periodic lattice composed of dielectric or metallic materials

® |f we design a three-dimensional photonic crystal appropriately,
there appears a frequency range where no electromagnetic
eigenmode exists. Frequency ranges of this kind are called
photonic band gaps.

® Light waves can be reflected, trapped, transported in photonic
crystals.

66



~ Bandgap Maximization
® For SC, depends on radius of “ball” & “cylinder”
® maXrs(min(ii+1)-max(hi)).
® Many eigenvalue problems for the band structure

0.6

67

Figure: The varying of the wave vector k




 Numerical Challenges

» Yee’s scheme discretizes the equation

~o

V x V x|E(x) = pow (x)E(x)

to get the generalized eigenvalue problem (GEVP)

Ax = ABxAX = ABX

® A: complex Hermitian positive semi-definite

® B: positive diagonal (containing magnetic constant,
frequency, material dependent permittivity)

® Dimension: 3n (n=ninzns, i.e. order 3)

® Need a few of smallest (interior) positive eigenvalues,,



Challenge: Multiple Zero Eigenvalues @#%

k (<<n) wanted
Interior other eigenvalues

eigenvalues

n zero
eigenvalues
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Backup Slides
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Preconditioning in SC



/7 , N
\\ /
|
=
\ o
,,, §
./ y
A\ Y/

Simple Cubic Photonic Crystal

® Spheres (radius r) connected with cylinders (radius s)

Microfabrication

Size: 1Tum

=13:1)

Silicon-Air (€ : €

Biswas et al. (PRB, 2002)
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k (<<n) wanted
exterior other eigenvalues

eigenvalues
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